We give a classification of nullity classes (or torsion classes) in an abelian category by forming a spectrum of equivalence classes of premonoform objects. This is parallel to Kanda's classification of Serre subcategories.
Introduction
The classification of various types of subcategories is a fundamental problem in many different contexts. For example, Gabriel's thesis [9] showed that in the category of modules over a commutative noetherian ring R, the Serre subcategories are classified via the specialization closed subsets of the prime spectrum Spec R. Aisles, which correspond to t-structures [4] , have also been classified in various contexts such as [21] and [25] . There are many other famous results proving that the target subcategories are one to one correspondent to the closed (or dually open) subsets of certain spectrum, such as Neeman's classification of (co)localizing subcategories in [15] and [17] , Balmer's classification of the radical thick tensor ideals in a tensor triangulated cateogry in [3] , and so on. The classification of subcategories can also be used for reconstruction, especially for schemes. This is achieved by Rosenberg [19] and Rouquier [20] , by using appropriate spectra.
More recently, R. Kanda in his paper [13] classifies the Serre subcategories in an abelian category using the atom spectrum consisting of equivalence classes of monoform objects (see Definition 2.1). We approach our problem of classifying nullity classes (or torsion classes, see Definition 3.1) by constructing a new spectrum SpecA introduced in Section 5, which consists of equivalence classes of premonoform objects, a generalization of monoform objects. An object is premonoform if all its endomorpisms are trivial or injective (see Definition 2.3 and Lemma 2.4). As pointed out to us by M. Reyes, these premonoform objects were studied by Tiwary and Pandeya [26] in the category of modules over a noncommutative ring, and interestingly its dual notion "copremonoform" was studied by Xue [27] . Using premonoform objects, a parallel result to Kanda's is obtained. This allows us to prove the main theorem of classification of torsion classes.
Theorem 1.2. For a noetherian abelian category A, there is an order preserving bijection
Supp : {Torsion classes in A} ∼ ⇄ {Closed and extension closed subsets of SpecA} : Supp −1 .
The paper is organized as follows. In Section 2 and Section 3, we introduce and compare two pairs of concepts in an abelian category, monoform and premonoform objects, Serre subcategories and nullity classes. In Section 4, we use examples to give a comparison of (pre)monoform with related concepts. Later in Section 5, a new spectrum of an abelian category is defined, together with a notion of support. In Section 6 and 7, we finally give a classification of nullity classes and torsion classes.
Monoform and premonoform object
In this section we introduce the premonoform and monoform objects in an abelian category. The former gives the points in our spectrum. Definition 2.1. A nonzero object M in an abelian category A is monoform if for every nonzero subobject N ≤ M there are no nonzero common subobjects of both M and M/N.
The following lemma gives an equivalent description of monoform object which appeared as the definition of monoform module right after Corollary 2.4 in [11] . Proof. Suppose there is a subobject N and map f : N → M with Ker(f ) = 0. Then the induced map N/Ker(f ) ֒→ M shows that M is not monoform. Conversely, suppose M is not monoform with quotient N/N ′ a subobject. Then we have a map N ։ N/N ′ ֒→ M which is neither zero nor monic.
For a commutative ring R and any prime ideal p of R, the quotients R/p are monoform. This follows for example from Lemma 1.5 in [24] . For our classification, we introduce the concept of premonoform. Definition 2.3. An object M = 0 in an abelian category A is premonoform if it contains no nontrivial quotient as a subobject, meaning that there is no injection from M/N to M, for any nonzero proper subobject N ≤ M.
It follows directly from the definition that monoform objects are premonoform. Other than Gordon and Robson [11] , the other early references that we found to the concept of monoform object, in the category of modules over a (non)commutative ring, is Goldman [10] and Storrer [24] . We also refer to Kanda [13] , for defining monoform object in an abelian category, and Lam [14] for related concepts in the module theory, such as essential or rational extensions. Let M be premonoform and 0 = f ∈ End A M. Then N = ker f is a nonzero subobject of M such that f induces an injection M/N ∼ = Imf ֒→ M. Hence (1) ⇒ (3). Conversely, suppose there is an injection M/N ֒→ M for some subobject N ≤ M. Then the composition f : M ։ M/N ֒→ M as an element in End A M is either zero or an injection, that is, either N = M or N = 0. Therefore, M is premonoform.
The equivalence (3) ⇔ (4) was observed by Reyes (see his proof of Proposition 2.5 in [18] ). For (3) ⇒ (4), suppose f, g ∈ End A M such that gf = 0. Then Imf ⊆ Kerg. By assumption either g = 0 or Kerg = 0, the latter of which implies f = 0, as required. For (4) ⇒ (3), take a nonzero f ∈ End A M. Suppose f (x) = 0 for x ∈ M. Since M is torsion free, we have x = 0. Thus f is injective.
In Section 4 we will compare premonoform and monoform in more detail and in particular show (Proposition 4.7) that in the category of finitely generated modules over a commutative noetherian ring the two concepts coincide.
3 Serre subcategory, nullity class and torsion theory
In this section, we discuss Serre subcategories, nullity classes and a way of constructing them. See [23] for a discussion of nullity class in the category of modules over a ring. By absorbing objects which are isomorphic to one in the subcategory, we will thus assume all subcategories are replete (that is, closed under isomorphisms) throughout the paper. 
then B is called a nullity class if it satisfies (1') and (2) , and B is called a Serre subcategory if it is an abelian subcategory of A and satisfies (1), (1') and (2) .
Notice that a nullity class N is closed under retracts, that is, whenever A ⊕ B ∈ N , we have A ∈ N , thanks to the projection p A : A ⊕ B → A.
A full subcategory T of A is a torsion class if it is both a nullity class and a coreflective subcategory, i.e. the inclusion functor T ֒→ A admits a right adjoint. See Proposition 1.2 in [5] . Furthermore, a Serre subcategory S is localizing if the quotient functor A → A/S admits a right adjoint. See Section A.2 in [16] for example. Next we look at closing collections of objects under the operations in the last definition, in order to get the Serre and nullity classes generated by that collection. We do this instead of taking the intersection of all Serre subcategories (or nullity classes) containing the collection, since this construction method will be used in later proofs. Notation 3.2. For every collection S of objects in an abelian category A, denote by S sub = {X ∈ A | X is a subobject of some M ∈ S} a full subcategory of A that is closed under subobjects. Dually, denote by S quot a full subcategory of A that is closed under quotients from S. Let S 0 be the class of the zero object. For any collections S, S ′ of objects in A, denote by
a full subcategory consisting of objects obtained by extensions from S and S ′ . Let S 1 = S. We define the n-extension S n = S * S n−1 recursively and denote
The subcategories can thus be constructed via the above operations. Proof. Since S quot ext is closed under taking quotient, (1) holds. See Proposition 2.4 in [13] for a proof of (2). Nullity classes are torsion classes in many well-known abelian categories. First, recall that an abelian category A is noetherian if it is essentially small and every object A in A is noetherian (that is, every ascending chain of the subobjects of A becomes stationary after finitely many stages).
Another related set of conditions requires that the abelian category A is well-powered (i.e. the collection Sub(A) of subobjects of any given object A ∈ A forms a set) and subcomplete in Dickson's sense [7] , so that each Sub(A) forms a complete lattice by Proposition 1.1 in [7] . The category A is subcomplete if for every A ∈ A, any subfamily {A i } i∈I of Sub(A) has a sum Σ i∈I A i and a product i∈I A/A i . We thus have supremum and infimum defined by
respectively. Note that any essentially small cocomplete abelian category is also well-powered and subcomplete.
Lemma 3.4. Every subset of a subobject lattice for a fixed object in a noetherian abelian category contains a maximal element.
Proof. Let S be a subset of the suboject lattice, and X 1 ∈ S. Suppose S has no maximal element, then inductively there is X n ∈ S not contained in ∪ n−1 i=1 X i . We thus obtain a strictly increasing sequence
Proposition 3.5. Let A be an abelian category, and T a full subcategory in A. (1) If A is noetherian, then T is a torsion class if and only if it is a nullity class; (2) If A is well-powered and subcomplete, then T is a torsion class if and only if it is a nullity class that is also closed under arbitrary coproducts.
Proof. The proof of (1) is similar to that of Theorem 2.1 in [7] . Suppose A is noetherian and T is a nullity class. Define as a full subcategory of A that
Then Hom A (X, A) = 0 for every X ∈ T and every A ∈ F . Since A is noetherian, for every object X ∈ A there is a maximal subobject X T of X among all subobjects of X by Lemma 3.4. Then we claim that X/X T ∈ F by showing that any morphism f : Y → X/X T is zero for every Y ∈ T , thus (T , F ) forms a torsion pair. Indeed, the image has the form f (Y ) = X ′ /X T which lies in T , for some subobject X ′ ⊆ X, so that the short exact sequence
implies X ′ ∈ T as well. Therefore, X ′ = X T and thus f = 0, by the maximality of X T . For (2), we refer to Theorem 2.3 in [7] . Although the last result shows that nullity classes are often torsion classes, they are not always the same. For example, in the category of abelian groups, its subcategory of finitely generated abelian groups is a nullity class but not a torsion class.
Comparing (pre)monoform and related concepts
In this section, we compare monoform and premonoform objects in different abelian categories with some other interesting concepts.
•
General abelian category
We have already seen that in a general abelian category, monoform implies premonoform by the definition. It is easy to see that any simple object (that is, it has no nonzero subobject) is monoform, also premonoform is indecomposable (see Proposition 4.5). Thus we obtain simple ⇒ monoform ⇒ premonoform ⇒ indecomposable.
We will see in the next subsection and also Example 4.6 that all these implications are strict.
• A premonoform but not monoform object It is interesting to find in an abelian category a premonoform object that is not monoform. Let T (V ) be the tensor algebra of a vector space V over a field k, with the basis {a, b}. Consider T (V ) as a left module over itself. It is known that
⊗i is a free associative algebra on the generators a, b. In this section, we show that T (V ) is premonoform but not monoform in the category of left T (V )-modules. Recall that in general if a vector space V has a basis {e 1 , ..., e m }, then the set of elements e s = e i 1 e i 2 · · · e in = e i 1 ⊗e i 2 ⊗· · ·⊗e in for 1 ≤ i 1 , ..., i n ≤ m with the unit 1 of k forms a basis of T (V ), where s = (i 1 , ..., i n ) and n ∈ Z + . The multiplication table of T (V ) is then given by e s e t = e st , where st refers to the concatenation of tensor products. Proof. It suffices to show that the tensor algebra T (V ) has no zero-divisors. For basis elements, e s e t = e st = e s ′ t = e s ′ e t implies st = s ′ t, thus s = s ′ by concatenation. Hence e s = e s ′ . Now since x = 0, we can assume without loss of generality that it has a form x 0 , x t e t or x 0 + x t e t such that the coefficients x 0 and x t 's are nonzero. We show for x = x 0 + x t e t and the other cases are similar. Let y = y 0 + y s e s be any element of T (V ) for y 0 , y s ∈ k. Then 0 = yx = y 0 x 0 + ( y 0 x t e t + y s x 0 e s ) + y s x t e st , which implies that y 0 x 0 = 0 and y s x t = 0 for all s, t. Therefore, y 0 = y s = 0 for all s and thus y = 0. 
Then there is y = y t e t ∈ T (V ) such that
Since e s a = e t b for any s, t, it follows that x s = y t = 0 for all s, t. Therefore, x = 0. •
Representation of quivers
In the representation theory of quivers, the indecomposable representations provide many examples of (pre)monoform objects.
We say that the Auslander-Reiten quiver is directed if it can be drawn as the AR translations start from the left to the right so that there are no backward arrows. The representations of type A, D, E are of this kind in particular, see Chapter IV.4 in [1] . It follows immediately that any nontrivial (sub)quotients of an indecomposable object, either projective or injective, appear only on its right hand side so that there are no arrows backwards. Therefore, we obtain the following result. • Modules over a ring
In the category of modules over a ring, a nonzero module is uniform if the intersection of any two nonzero submodules is nonzero. Or equivalently, it is an essential extension for every nonzero submodule, see Section 1.3F in [14] . A uniform module is strongly uniform if we replace essential extension by rational extension, see Section 1 in [24] . Note that all of these definitions can be made in an abelian category. 
where (4) and (5) are not comparable. The following examples show that the implications in Proposition 4.5 are all strict, and that (4), (5) are not comparable. Some of them can be found in [14] . Example 4.6. (1) Any simple R-module is of the form R/m for some maximal ideal m. The quotient R/(x) of the polynomial ring R = Q[x, y] gives a monoform R-module that is not simple. Indeed, R/(x) has the quotient ideal (x, y)/(x) as a nontrivial submodule. (2) The cyclic group Z/4 is uniform but neither premonoform nor monoform. More generally, we can consider the cyclic groups Z/p n of order p n for n > 1. (3) The tensor algebra T (V ) of a k-vector space V with basis {a, b} is a premonoform T (V )-module by Proposition 4.3 but not uniform. Indeed, we have T (V )a ∩ T (V )b = 0, thanks to the form of the basis elements given by the monomials in a, b. For example, T (V ) has {a 2 , ba, ab, b 2 } as the monomial basis elements of degree 2. Also, notice that this gives another proof of Proposition 4.3. (4) The commutative Q-algebra R = Q[x, y]/(x 2 , xy, y 2 ) is indecomposable as an R-module but not uniform since in R there is a trivial intersection Rx ∩ Ry = 0. The algebra R is not premonoform either since there is a nonzero R-module homomorphism f : R → R defined by f (1) = x. However, f (y) = 0, so f is not injective.
• Finitely generated modules over a commutative noetherian ring with identity Proposition 4.7. In the category of finitely generated modules over a commutative noetherian ring R with an identity, an R-module M is premonoform if and only if it is monoform.
Proof. As always monoform implies premonoform. Now let M be premonoform and suppose it is not monoform. Then by the definition there exists an H = 0 as a common submodule of both M and X = M/N for some nonzero submodule N ⊆ M. Thus there is an associated prime ideal p ∈ AssH such that R/p ֒→ H. In particular, X p = 0 since p ∈ AssH ⊆ AssX ⊆ SuppX. Passing to the local case at p, we obtain on the one hand that
since X p is finitely generated, and on the other hand X p ⊗ R/p ∼ = X p /pX p which is nonzero by the Nakayama Lemma. Therefore, we have an exact sequence 0
in which f is nonzero. Moreover, composed with a projection onto one copy k(p) ∼ = (R/p) p , by Proposition 2.10 in [8] the map f can be lifted into a nonzero map g : X → R/p since X is finitely generated. Hence there is a nonzero map M/N = X g → R/p ֒→ H ⊆ M, a contradiction to M being premonoform by Lemma 2.4.
Spectrum, support and topology
In this section, we will define our spectrum together with the support of objects and subcategories. These are the basic concepts we need to establish the classification theorem.
Let A be an abelian category. Denote by Spec 0 A the collection of isomorphism classes of premonoform objects in A. Let A ∈ A. Denote by C(A) the smallest nullity class containing A, that is, the intersection of all nullity classes containing A. We also call C(A) the nullity class generated by A. It is clear that ∼ is an equivalence relation on Spec 0 A, and we denote by SpecA = Spec 0 A/ ∼ the collection of the equivalence classes [H] of premonoform objects, called the spectrum of A which is either a class or a set. A sufficient condition for the spectrum SpecA being a set is that the category A is essentially small, i.e. the collection of the isomorphism classes of objects in A forms a set. For any M ∈ A, define the support of an object as
The support of a subcategory N ⊆ A is defined as the union
We can also define Supp
as a full subcategory of A for any subclass Φ ⊆ SpecA. However, this is not always a nullity class for an arbitrary subclass Φ but only for those closed and extension closed ones, as we will see in Theorem 6.8. These definitions are similar to Kanda's in [13] , in which the atom spectrum ASpecA of an abelian category A consists of equivalence classes of monoform objects, and the atom support of an object M is given by ASuppM
′ is a subquotient of M}. Here for two monoform objects, H ∼ H ′ are atom equivalent if they share a common nonzero subobject.
Remark 5.2. Consider the category of abelian groups and the objects Q and Z. They are clearly monoform and thus premonoform, because no torsion-free groups contain a torsion subgroup. With respect to the atom equivalent, we have Q ∼ Z. However, they are not equivalent in our sense since Q / ∈ C(Z) = Z quot ext . Proof. It is clear by the definition that the empty set and the whole set SpecA are closed. Let Φ i be a closed subset for every i ∈ I.
We denote by Spec noeth A the subset (or subclass) of SpecA in which every equivalence class [A] ∈ Spec noeth A has a noetherian representative A ∈ A, then the subset Spec noeth A is shown to be a topological subspace of SpecA by the same argument of Proposition 5.6, noticing that every closed subset of Spec noeth A is also closed in SpecA.
Classification of nullity classes
Kanda shows in [13] that in a noetherian abelian category A there is a bijective correspondence from the collection of open subsets of the atom spectrum ASpecA of equivalence classes of monoform objects, to the collection of Serre subcategories of A. In this section, enlightened by this idea we give a classification of nullity classes via our spectrum SpecA of equivalence classes of premonform objects in A.
The following key lemma gives a necessary and sufficient condition for an object to be premonoform.
Lemma 6.1. Let A be an abelian category and M ∈ A. To say that M is not premonomoform is equivalent to saying that M lies in the nullity class N generated by all quotients M/N with nonzero subobjects N ≤ M.
Proof. Observe that for the case M = 0, the statement holds obviously. So assume from now on M = 0. If M is not premonoform, then M has a nontrivial quotient M/N as its subobject. That is, M/N ∼ = N ′ ≤ M for some N ′ . Then the short exact sequence
implies that M ∈ N since both M/N, M/N ′ ∈ N and N is closed under extensions. Conversely, suppose M ∈ N . Then by Lemma 3.3, it is an iterated extension of quotients of M. So suppose M is an n-extension but not an (n − 1)-extension for n ≥ 1, see Notation 3.2. Thus there is a short exact sequence
such that both M/N and M ′ are nonzero, where M ′ is an (n − 1)-extension of the quotients of M. Hence M has a nontrivial quotient M/N as a subobject. Therefore, M is not premonoform. Now we are ready to give a criterion using support to detect when an object is in a nullity class. 
We will see from Example 7.3 that noetherian is a required hypothesis in Proposition 6.2. The following statement is an easy generalization of Proposition 6.3 in [2] , which is stated for the noetherian modules. Example 6.6. In the category of abelian groups, consider the the nullity class N generated by Z (p) and its support Φ = SuppN . First observe that SuppZ/p ∞ = ∅. Indeed, Z/p ∞ is not premonoform due to the short exact sequence
ext by Lemma 3.3 and Z/p ∞ is injective, every object in C(Z/p ∞ ) is a direct sum of finite copies of Z/p ∞ . Hence it has empty support. Also notice that there is a short exact sequence
such that both SuppZ (p) and SuppZ/p ∞ are contained in Φ. However, [Q] ∈ SuppQ − Φ. This implies that the support Φ of N is not extension closed.
The next lemma holds for an arbitrary abelian category. Proof. We will first see that the support of a nullity class is extension closed. So assume N is a nullity class of noetherian objects in A and M, N ∈ A are noetherian such that SuppM, SuppN ⊆ SuppN . In particular, M, N ∈ N by Proposition 6.2. Suppose X is an extension This completes the proof. We will see from Example 7.4 in the following section that the extension closed condition is necessary. We also wonder what categories do not require this condition.
Classification of torsion classes
In this section, we give an immediate consequence of Theorem 6.8. Notice that the spectrum SpecA becomes a set if the abelian category A is noetherian, and thus N = N noeth , SpecA = Spec noeth A and nullity classes are torsion classes by Proposition 3.5. See Notation 6.3. We end this paper with two examples.
Example 7.3. Consider the category of abelian groups and the nullity class C(Z/p ∞ ) generated by the non-noetherian abelian group Z/p ∞ . Since it has empty support by Example 6.6, our system of support cannot detect this nullity class C(Z/p ∞ ). The same problem happens for torsion classes, by using a similar notion of spectrum and support. Denote by T (Z/p ∞ ) the torsion class generated by Z/p ∞ , which is a cocomplete nullity class by Proposition 3.5. Next suppose M is a nontrivial abelian group and there is a surjection f : ⊕Z/p ∞ ։ M. Since Z is noetherian, the direct sum ⊕Z/p ∞ is injective by Theorem 3.46 in Lam [14] , thus it is divisible by Theorem 7.1 in Hilton and Stammbach [12] and so is M by Proposition 7.2 also in [12] . Therefore, M is injective and it is a direct sum of copies of Z/q ∞ for some primes q. Since Hom Z (⊕Z/p ∞ , ⊕ q Z/q ∞ ) ∼ = Hom Z (Z/p ∞ , ⊕ q Z/q ∞ ), the map f is determined by its components f i : Z/p ∞ → ⊕ q Z/q ∞ , say f i (1) = (x j ) j for only finitely many nonzero x j ∈ Z/q ∞ . However, by an argument of element orders we see that f i = 0 unless q = p for all q. Hence M ∼ = ⊕Z/p ∞ , as needed. whose topology of closed subsets other than the empty set and SpecA is given by Supp a = {a}, Supp c = {c}, Supp b = {b, c} and the union {a, c}. Except {a, c}, each closed subset is extension closed, thus corresponds to a nullity class uniquely by Theorem 7.1, for instance. ( 2) The computation in (1) also implies that our support, unlike the atom support, does not respect extensions since Supp b Supp a ∪ Supp c. the lattice Φ is not distributive by Theorem 4.10 (ii) in [6] since it is isomorphic to a pentagon, so that it cannot be isomorphic to a lattice of closed subsets of a topological space.
Therefore, the condition of being extension-closed in our main result is necessary, if we use a topological space to classify the nullity classes by establishing a bijective correspondence from the collection of closed subsets to that of nullity classes.
